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Role of Artificial Viscosity in Euler and Navier-Stokes Solvers

Aparajit J. Mahajan,* Earl H. Dowell, and Donald B. Bliss}
Duke University, Durham, North Carolina 27706

A method is proposed to determine directly the amount of artificial viscosity needed for stability using an
eigenvalue analysis for a finite difference representation of the Navier-Stokes equations. The stability and
growth of small perturbations about a steady flow over airfoils are analyzed for various amounts of artificial
viscosity. The eigenvalues were determined for a small time-dependent perturbation about a steady inviscid flow
over a NACA 0012 airfoil at a Mach number of 0.8 and angle of attack of 0 deg. The method has been applied
to inviscid flows here, but as discussed is also applicable to viscous flows. The movement of the eigenvalue
constellation with respect to the amount of artificial viscosity is studied. The stability boundaries as a function
of the amount of artificial viscosity from both the eigenvalue analysis and the time-marching scheme are also
presented. The eigenvalue procedure not only allows for determining the effect of varying amounts of artificial
viscosity, but also for the effects of different forms of artificial viscosity.

Nomenclature

=speed of sound

=total energy per unit volume

=identity matrix

= Jacobian of transformation

=Mach number

= pressure ,

=Reynolds number, po Vo ¢/ o

=nondimensional physical time

v = Cartesian velocity components

y =physical Cartesian coordinates
=angle of attack

o = finite difference operator

er, ¢, = coefficients of artificial viscosity

A = eigenvalues

P =viscosity coefficient

£ =transformed coordinates

) = density

T = transformed time
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Introduction

ONSIDERABLE research has been conducted during the

last few years to develop methods to solve the Navier-
Stokes equations. Unsteady, separated, transonic flow over
airfoils has been one of the areas receiving substantial atten-
tion. Finite difference schemes or finite element techniques are
used to solve the Navier-Stokes equations.!? These methods
involve a numerical description of the governing equations, a
finite number of grid points or elements in the flowfield, and
a linear or iterative treatment of nonlinear terms.? These solu-
tion algorithms usually have stability problems when a compu-
tation is initiated with approximate starting data or when the
finite spatial discretization is unable to resolve large gradients
in flow variables. The Fourier (von Neumann) method and the
matrix method of analysis are commonly used for simple
equations to determine stability of a solution algorithm. In the
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case of the Navier-Stokes equations, the complex nonlinear
nature of the governing equations and boundary conditions
makes such use impossible.

The stability analysis of the solution algorithms for the
Navier-Stokes equations is usually done by applying these
algorithms to the wave equation or heat equation and studying
their stability. Then these algorithms are implemented for the
Navier-Stokes equations and artificial viscosity terms in vari-
ous forms are added so as to obtain stable solutions for many
different flow cases. These artificial viscosity terms are often
modified to allow for shock resolution, finite spatial dis-
cretization, and experimental verification. It must be noted
that artificial viscosity tends to reduce all gradients in the
solution whether physically correct or numerically induced.

Pulliam* studied different artificial viscosity models for an
Euler solver. He stabilized the Euler code with the use of
artificial dissipation and studied its effect on differencing
schemes and shock resolution. Dulikravich® analyzed the arti-
ficial dissipation models for the transonic full-potential equa-
tion and calculated the effects of these additional terms on the
full-potential equation. He compared three different artificial
dissipation models with physical dissipation for the compress-
ible Navier-Stokes equations® and six different artificial dissi-
pation sensors for the Euler equations.” These artificial dissi-
pation models are summarized in Ref. 8. Kandil® studied the
influence of explicit second- and fourth-order numerical dissi-
pation terms on the Euler equations. Raj'® investigated the
sensitivity of external flow solutions to three numerical dissi-
pation schemes using a three-dimensional Euler solver.
Caughey and Turkel!! analyzed the effect of high aspect ratio
grids on the amount of artificial dissipation introduced in
viscous flow computations. Most of these efforts involved
time marching the codes numerous times to see the effect of
artificial dissipation on solutions. Merriam!? developed a di-
rect quantitative method to analyze the solution stability based
on the cell entropy production.

In the present work, an eigenvalue stability analysis is ap-
plied to a Navier-Stokes solver for flow over airfoils. The
effect of artificial viscosity terms is studied to determine the
effect on stability of time marching the solution, and also the
effect on stability as indicated by the eigenvalue calculation.
The study is intended to help make the utilization of artificial
viscosity terms more of a science than an art.

The importance of artificial viscosity on a solution can be
examined by looking at the steady-state flow values obtained
in time-marching fashion. The Navier-Stokes solver, pre-
sented in the next section, was run to calculate a steady-state
inviscid flow solution for a NACA 0012 airfoil at M = 0.8.
Depending on the amount of artificial viscosity, the steady-
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state values of lift and moment coefficients changed by 5%.
These results are listed in Table 1. If artificial viscosity can
influence the steady-state solution so much, its effect on the
transient solution may be much more pronounced. Since the
main purpose of artificial viscosity is to stabilize the transient
solution, its effects need to be examined and understood in a
systematic manner. ‘

Analysis

A Navier-Stokes code capable of calculating unsteady, tran-
sonic and separated flows for different airfoil motions, such
as pitching and plunging, was selected for the eigenvalue anal-
ysis. This finite difference, time-marching code was developed
by Sankar and Tang!® based on the Beam-Warming al-
gorithm. This code solves the unsteady, two-dimensional
Navier-Stokes equations on a body-fitted moving coordinate
system in a strong conservative form using the alternate direc-
tion implicit (ADI) procedure with approximate factoriza-
tion.> The convective terms are treated implicitly and the
viscous terms are treated explicitly. This code is one of a
number of Navier-Stokes solvers currently in use for tran-
sonic, viscous, unsteady problems. It has received wide atten-
tion from the aerodynamic research community. Only those
parts of the Navier-Stokes solver essential for understanding
the present work will be described.

All of the calculations are performed in a transformed
coordinate system (£, », 7) that is linked to the moving, body-
fitted coordinate system as follows:

E=%@yt),  n=19&nl) =7(t) )

The two-dimensional, unsteady Navier-Stokes equations in
the transformed coordinate system are written as

G, +F;+G,=R;+ 5, (#)

where
G=J"{p, pu, pv, }T 3)

The quantities #, G are the convection terms and R, S the
viscous terms. In Eq. (2), central differencing is used for
spatial derivatives and forward differencing is used for time
derivatives. The resulting equation in the discretized form at
any point (i,j) is

Aq~~'~'+1 o - _ _
—-A”T—+55F,;?” +8,Gi ' =6, Ri+' +6,8* —ex DL (d)

Table 1 Effect of artificial viscosity on steady-state lift,
moment, and drag coefficients (NACA 0012 airfoil,
M =0.8, inviscid flow)

«a deg €E 34 (&) Cm Ca
2 10 0.5189957 -0.0746779  0.0466132
3 15 0.5127812 -0.0729532  0.0458576
2 4 20 0.5082933 -0.0715801 0.0452502
5 25 0.5038787 -0.0704199  0.0448124
6 30 0.5003532 -0.0695243 0.0444229
2 10 0.9343331 -0.1737796 0.1108001
3 15 0.9259864 -0.1703883 0.1092868
4 4 20 0.9203443 -0.1682357 0.1082361
5 25 0.9143991 -0.1659712  0.1072367
6 30 0.9091913 -0.1640378  0.1063879
2 10 1.21352879 -0.2419128  0.18253395
3 15 1.20526286 -0.2380901  0.18060031
6 4 20 1.19826546 -0.2348858  0.17901815
6 30 1.18628397 -0.2295509  0.17644304
2 10 code was unstable
3 15 1.3956165 -0.2741378  0.2529984
8 4 20 1.3891096 -0.2710383 0.2511782
6 30 1.3760950 -0.2648963 0.2748513
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where AG}*' =G)*' — G}, and the superscripts n and n + 1
refer to two successive time levels. The artificial viscosity term
D, contains spatial derivatives of second- and fourth-order
and e controls the amount of this explicit artificial viscosity.
The highly nonlinear terms F and G are then expanded in a
Taylor series about time level n. The resulting equation is then
approximately factored into two operators so as to allow for
two sweeps, a £ — and an 5 —sweep, during which block
tridiagonal matrix equations are solved. To allow for the
explicit treatment of the viscous terms, implicit smoothing
terms are added to the left-hand side of Eq. (4). These terms
contain spatial derivatives of second-order and ¢; controls the
amount of implicit smoothing. The final form of the govern-
ing equation is :

{I + A1[6; A — (/T 8 JN) (I + A7[6,B — (e2/T)5,, JAG" !

= [ — (6:F" + 6,G") + 8,R" + 6,87 — eED"] AT ®)

I
ag 0g
This formulation can model time-accurate viscous flows for
sufficiently small time steps. The implicit treatment of viscous
terms would allow larger time steps for time-accurate viscous
flow computations.

All of the boundary conditions are explicitly applied at each
time step. At the far-field boundaries, except in the down-
stream boundary, the flowfield is assumed to be undisturbed.
At the downstream boundary, the velocity field u, v, and the
entropy are extrapolated from the interior, so as to allow for
vorticity transport. The pressure at the downstream boundary
is prescribed to be freestream pressure. On the solid boundary,
for inviscid flows, the normal velocity is set to zero and, for
viscous flows, the normal and tangential velocities are set to
zero. The density is extrapolated from the interior. For calcu-
lation of viscous, turbulent flows, a two-layer Baldwin-Lomax
eddy viscosity model'4 is used.

where

Artificial Viscosity Terms

In this Navier-Stokes solver, an adaptive dissipation scheme
as proposed by Jameson et al.'® is used. The dissipation terms
are written, in conservation form, as a combination of second-
and fourth-order terms. A sensor, based on the second deriva-
tive of pressure, turns on the second-order dissipation term in
the vicinity of shocks and suppresses the fourth-order dissipa-
tion term. Jameson’s approach leads to crisp, three-point
shocks in most cases without overshoots. This switching was
employed only in the streamwise (¢-) direction in this Navier-
Stokes solver. The dissipation term is written as

. C
Dy=J" b, (JG) + 551 : (Giv2,;—3Gis1,;
i+1/2,
C
+365 = Gi-1) — 7 @i 1j ~ Oy ©
i+ 12,
where

Cy=max By Bi+1,))
and

8, =H|(Pi+ 1, — 2D + Pi—1,j)]
v Wi+1,j — 205 +Di-1,5)

Ci=max (0, 1 - Cy)

and

Here H is a user-input value, of the order of 10. The quantity
B senses the second derivative of pressure and is large only
near shocks. This leads to a nonzero value of C;, near shocks.
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The value J; , 1,,; needed in the preceding calculation is com-
puted as

s, .
Jiving 2\ Jiryy

Eigenvalue Problem

To analyze the stability of the solution procedure, an eigen-
value problem is formulated for the Navier-Stokes code. The
details for the formulation and calculation procedure are
given is a separate paper.!¢ For the sake of brevity, clarity, and
also in the limit of Az going to 0, it is described for Eq. (3)
instead of Eq. (5). Since F, G, R, and § are functions of 4, Eq.
(3) can be rewritten as

q~'r= —FE_Gn+§E+gn=Q(q) (8)

Here O (§) also contains the artificial viscosity terms. For
small perturbations about steady flow, the following eigen-
value problem results. Substitute § = g + ¢ in Eq. (8), where ¢
is steady-state value and ¢ a small perturbation. This gives

. dgo '
.=Q @+ [—~] _a (&)
¢ dq g
At steady-state flow conditions, Q (g) = 0 which reduces
Eq. (9) to
. ag| .
o-[29]
q14
Substituting § = g e™ in Eq. (10) gives
46
Age = [——g] _qge~ (11)
ddlq

Equation (11) can be written in matrix form as

N g} =[P] (g} (12)

The matrix [P] contains the spatial derivatives of the flux
Jacobians and artificial viscosity terms. The flux Jacobians
can be expressed analytically and then evaluated numerically
or they can be calculated in a direct numerical fashion with no
analytical expressions for derivatives. In the present work, the
derivatives have analytical expressions and are evaluated from
the steady-state flowfield. The use of Baldwin-Lomax turbu-
lence model in viscous terms does not allow analytical evalua-
tion of viscous flux Jacobians, as viscosity is an empirical
function of {g}. The numerical determination of viscous flux
Jacobians is computationally very expensive, and hence, the
procedure is demonstrated for inviscid flows here.

This eigenvalue problem corresponds to flow over airfoils,
for example, and when solved provides the information re-
quired for the stability analysis of the time-marching proce-
dure.

Results and Discussion

In Eq. (12), [P] is a sparse, real, nonsymmetric matrix of
order n, where n = 4 X imax x jmax = 24,000. The state-of-
the-art software available for eigenvalue calculation (EIS-
PACK, etc.) is not capable of storing a 24,000 x 24,000 matrix
or utilizing the sparsity and nonsymmetry of the present prob-
lem for obtaining a solution with reasonable computer time. A
procedure that would exploit the sparsity of the matrix for
storage and calculation purposes is needed. The iterative
methods, for eigenvalue calculations on this scale, need a very

ROLE OF ARTIFICIAL VISCOSITY IN SOLVERS 557

good initial guess for convergence. Also they are not capable
of providing spectral information about the eigenvalues. The
“reduction-to-condensed forms’’ methods, however, provide
a suitable procedure to attempt a solution to this eigenvalue
problem.

A modified Lanczos recursive procedure with no reorthogo-
nalization is used to calculate the eigenvalues. For very large
real, symmetric matrices, the Lanczos procedure is one of the
most widely used ways to estimate the eigenvalues due to its
efficiency and range of eigenvalues calculated.!” This proce-
dure was modified by Cullum and Willoughby'® for nonsym-
metric matrices. A family of complex, symmetric, tridiagonal
matrices that represent orthogonal projections of the given
original matrix [P] onto the corresponding Krylov subspaces
are calculated during this recursive procedure. The eigenvalues
of these Lanczos matrices are the eigenvalues of the operators
obtained for [P] by restricting [P] to the Krylov subspaces.
These eigenvalues are found to be independent of the starting
vectors used in the recursion. This procedure was compared
with a lopsided iteration eigenvalue calculation procedure.
The accuracy and validity of this eigenvalue calculation proce-
dure are discussed in detail in a separate paper.'¢

The eigenvalues correspond to a transient solution and are
affected by the choice of ez and ¢; in the transient solution.
The converged steady-state solution is obtained using ez = 2
and ¢; = 10. This steady-state solution is sufficiently indepen-
dent of ez and ¢;, so that the eigenvalues of the transient
solution are not affected by the choice of ez and ¢; in the
steady-state solution. The eigenvalues obtained for a NACA
0012 airfoil at M= 0.8, o =0 deg, and artificial viscosity
parameters ez = 0 and ¢; = 0 for inviscid flow are shown in
Fig. 1. Some of these eigenvalues have a positive real part,
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Fig.1 Eigenvalue constellation for ¢;=0 and ¢z =0 (NACA 0012
airfoil, M = 0.8, inviscid flow, a =0 deg).
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Fig. 3 Eigenvalue constellation for ¢;=0.2 and ¢z =0 (NACA 0012
airfoil, M = 0.8, inviscid flow, a =0 deg).
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Fig. 4 Eigenvalue constellation for ¢;=0 and ¢ =2 (NACA 0012
airfoil, M =0.8, inviscid flow, a =0 deg).

which corresponds to an instability in the Navier-Stokes code.
This instability is further studied by systematically varying the
artificial viscosity in the Navier-Stokes code. The two parame-
ters that represent the artificial viscosity in the time-marching
code are 1) implicit smoothing terms ¢; consisting of second-
order spatial derivatives and 2) explicit artificial viscosity eg
mostly consisting of fourth-order spatial derivatives. The first
parameter when set to ¢; = 10 moved the entire eigenvalue.
constellation to the left, i.e., it changed the real part of all of
the eigenvalues to a large negative number, thus making them
stable, see Fig. 2. The movement of the eigenvalue constella-
tion for a very small value of ¢;is shown in Fig. 3; it has a few
unstable eigenvalues. By contrast, the second parameter when
set to e = 2 stretched the eigenvalue constellation, with eigen-
values having a small imaginary part being affected most. Its
effect on the eigenvalues with large imaginary parts is negligi-
ble; see Fig. 4. When both of these parameters have nonzero
values, the eigenvalue constellation exhibits a combination of
these two movements, as seen in Fig. 5 when ez =2 and
€ = 10.

It is observed that the artificial viscosity parameters that
give unstable eigenvalues also make the time-marching Navier-
Stokes code unstable; ez = 0 and ¢; = 0. The artificial viscosity
parameters that show all stable eigenvalues also make the
time-marching code stable; ez = 2 and ¢; = 10. The relation-
ship between artificial viscosity parameters and the stability of
time-marching code was further analyzed using this eigenvalue
calculation. A large number of calculations with many differ-
ent combinations of ez and ¢; were performed to obtain the
stability boundaries as a function of ¢z and ¢, In the time-
marching code, these. boundaries also depend on the time
stepsize At used. The eigenvalue calculation, due to analytical
treatment of time derivatives, corresponds to a time stepsize of
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Fig'. 5 Eigenvalue constellation for ¢; =10 and ¢z =2 (NACA 0012
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Fig. 6 Stability boundary as a function of (¢, e1) for different time
stepsizes.

zero. The stability boundaries in e - ¢, plane are shown in Fig.
6 for At =0.005, 0.01, 0.02, 0.05, and 0.1. The stability
boundary from the eigenvalue calculation is also shown. It
should be noted that the horizontal part of the stability
boundary from the eigenvalue calculation corresponds to
er= 0.3 ~ 0.35 and differs from the bottom part of the stabil-
ity boundary from the time-marching calculation, which cor-
responds to ¢; = 0.0. It is believed that the explanation of this
difference in results between the time-marching code and the
eigenvalue calculation is as follows,

Switched dissipation provides second-order damping. The
amount of this second-order damping is large in the vicinity of
shocks or for the transonic flows (overall flowfield). In the
time-marching calculation, although ¢; = 0, the nonzero value
of e provides the required damping for stability. It is conjec-
tured that at lower Mach numbers (strictly subsonic flows),
the eigenvalue calculation requires ¢; > 0, as there is no appre-
ciable second-order switched dissipation in the absence of
shocks (a very small amount of second-order switched dissipa-
tion is present around the leading edge of the airfoil). A
systematic study of the stability boundaries for a Mach num-
ber of 0.3, similar to the one presented here for a Mach
number of 0.8, would be desirable to confirm this conjecture.

Many interesting observations can be made from Fig. 6. The
stable region gets smaller as the time stepsize increases. For the
time-marching code, the stability boundary is composed of
three parts; namely, left, right, and bottom, For a fixed value
of e, say 1, if ¢ is increased from O, first the calculation is
unstable, then after crossing the boundary, it is stable and
then once again it turns unstable for large enough ez The
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Fig. 7 Stability boundary sections in (Af¢, ex) plane for different ¢;.

instability on the left occurs gradually after the solution has
progressed for some time. The instability on the right occurs
abruptly at the start of the time marching. As the time stepsize
becomes smaller, the left boundary moves towards ez = 0 and
tends to be vertical. The right boundary moves farther to the
right very rapidly and tends to be horizontal as the time
stepsize decreases. The bottom boundary increases on both the
sides as the time stepsize becomes smaller. To analyze this
quantitatively, a section of the stability boundaries is shown in
At — e plane for two different values of ¢; in Fig. 7. These
sections can be extrapolated to Az = 0 for a comparison with
the eigenvalue stability analysis. It can be seen that, as At
tends to zero, the amount of artificial dissipation needed for a
stable solution also tends to zero. From Figs. 6 and 7, it can be
confirmed that in the limit as Az goes to zero, the stability
boundaries from both the eigenvalue and time-marching cal-
culations are in agreement. Smaller time stepsizes than those
used here could not be considered in this study, as the time-
marching calculation is computationally very expensive. Fur-
thermore, it takes a large number of time steps during time
marching to determine the stability boundary as the time
stepsize decreases.

Concluding Remarks

An eigenvalue problem formulation and a calculation pro-
cedure for eigenvalues are developed and applied to an Euler/
Navier-Stokes solver. This procedure is capable of studying
the effect of artificial viscosity on the stability of the time-
marching solution technique. It can also help distinguish be-
tween the instabilities in the physical problem and those intro-
duced by the numerical modeling and discretization. At
present, the calculations are done for small time-dependent
perturbations about steady flow over airfoils and the growth
of these perturbations is studied. The movement of eigenvalue
constellation with respect to artificial viscosity is analyzed.
This movement of eigenvalues due to change in the artificial
viscosity parameters is being studied further and efforts are
being made to correlate it quantitatively with the rate of
growth of instabilities in the time-marching code. This ap-
proach provides a direct way to analyze the stability of Navier-
Stokes solvers, rather than a trial-and-error approach as is
presently used by most investigators.

In the numerical results discussed here, only inviscid flows

are considered. The same procedure applies to viscous flows .

also. At present, the viscosity model (Baldwin-Lomax turbu-
lence model) used in the Navier-Stokes solver is of an empiri-
cal nature, making viscosity an empirical function of flow
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variables. Thus, to determine the contribution of viscous

terms to
1.., -

the 24,000 x 24,000 derivatives will have to be evaluated nu-
merically and the computational costs are prohibitive. If an
analytical viscosity model were used, these derivatives could
be evaluated analytically to form matrix [P], and the stability
boundaries for viscous flows could be determined by a similar
procedure at comparable computational cost. The interaction
between ‘“natural’’ and ‘‘artificial’’ viscosity can also be stud-
ied then.
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